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On Some Properties of a Fibred 
Riemannian Manifold 


By 


Yosio MUTO 


Synopsis 


Let us consider an +m dimensional Riemannian manifold V*+™ in which 
are contained oo” submanifolds Y” of dimension ” under a condition similar 
to that of the “ gefaserter Raum” of Seifert Thelfall. The manifold is as- 
sumed to allow a set of coordinate neighborhoods and a coordinate system in 
each neighborhood such that any point of V”*™ has n+m coordinates yi 
(7=1,---, m) and x*(a=1,---, m), and those points on one and the same 
submanifold Y” have the same coordinates x*, whereas their y-coordinates yi 
may be different. We call the submanifolds Yr fibres and as a Yr is deter- 
mined by the x-coordinates x* of any point on it, it may be denoted by Y*"(x). 
Such a V*+ is called a fibred Riemannian manifold and in the present paper 
we will study its properties when some special relations exist between the 
fibres Yr. 

We can define a correspondence between any two consecutive fibres Y”(x) 
and Y”(x+dx) by saying that a point yi in Y"(x) and a point +dy! in 
Y"(x+dx) correspond to each other when the vector (dyi, dx”) is orthogonal 
to Y*”(x) in Vrim, If the correspondence is isometric everywhere, we say that 
the Vr+m has isometric fibres. We can define similar fibres and holonomic 
fibres too. We get the latter when the m-dimensional surface-element orthogonal 
to the fibre is holonomic. 

| If the distance between two corresponding points of a pair of consecutive 
fibres is independent of the points, we say that the fibres are parallel. We 
‘study some properties of allowed curves, that is, orthogonal trajectories of 
the fibres, with the result that the necessary and sufficient condition for any 
geodesic of Vr+m tangent to an allowed curve at a point to be an allowed 
curve is that the fibres be parallel. In the last sections we consider the pro- 
perties of the group of holonomy of the fibres and study S3 as an example. 


1. Fibred Riemannian Manifold 


Let us consider an N=n+m dimensional compact Riemannian manifold 
Vaim with the following properties. 
It is of class Cr and has the fundamental tensor of class Cr-1, 
Points of V“*™ are distributed on co” submanifolds of dimension » and 
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of class Cr in such a way that for any point P of V**+™ we can find just one 
submanifold Y”(P) belonging to the system. 

We assume further that we can find out a finite set of boordinate neigh- 
borhoods {NV; } and a corresponding set of coorninate systems Cys, rE) with 
the property that for any point P of Vrt+m there is a neighborhood UCP) such 
that a subset {N, } of {Ns } is found whose union ~ NV» contains the union _ 
of Y*(P’) for P'e UCP) while any N, ~ ¥"(P’) is non-vacuous and is a co- 
ordinate neighborhood of Y”(P’) with the coordinate system (y', ). Moreover 
we assume that in NV, the equations of Y”(P’) are given by x“, = constant, 
while at a point in N, ~Ny, where N, and Ny belong to the same subset 
{N, }, the transformation of coordinates is given by 


i 


VA CY yrs Ir), 2 
ied mn 9 ’ : 


the functions appearing being of class Cr, 

We shall call such coordinate systems favorable. At a point in Ny, へ N,, 
where N, and N, do not belong to the same subset {NV, }, the transformation 
of favorable coordinates is also of class Cr, and has the form). 

i Hr =H. CM os WM a3 Dy HB), 

( ) x”) SP oe Ke > am.). 

We call such a space a fibred Riemannian manifold and each Y"(P) a 
fibre. 

As {N, } is finite Yr (P) is compact. - Ns 

We can show that a fibred Riemannian manifold is a fibre bundle.- To 
that end we must first define the base space X. But this is obtained by 
identifying the points of Vrtm with the same x-coordinates, that is, the points 
of one and the same Y”. The coordinate neighborhood of a point x in X will 
be given as follows. Take a representative point of x in Y" which we call 
P. Then as above we get U(P), that is, a neighborhood of P. A point in 
X which has a representative point in U(P) is said to belong to a coordinate 
neighborhood of x. This is independent of the choice of P. Unfortunately 
we are troubled in finding the fibre F, although we have already the fibre 
Fs over x, Fx=Y"z. We avoid the difficulty by fixing a point x, in X and 
taking the fibre over x as the fibre F. To get the coordinate function we 
proceed as follows. If two points in X, x and x’, belong to one and the same 
coordinate neighborhood, it is clear that Fs is homeomorphic to F,. - Besides, 
we can find a mapping of class Cr between Fx and F,. Hence we can map 
F onto Fx if x and x) belong to the same coordinate neighborhood. If x and 


1) I studied several years ago some properties of a manifold with coordinate trans- 
formations of this form. See reference [M. Y.] 
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%o belong to different neighborhoods, we take an arc joining x) to x and cover 
it with a set of coordinate neighborhoods. Then a mapping of F onto Fs of 
class Cr is found. Now take a set of coordinate neighborhoods, {Na}, which 
cover X, and a set of points {x2} where x2ze Ne. Then define a mapping of 
F onto Fa, the fibre over %2, which we denote by We(y) where yeF and 
WaCy)¢ Fa. The coordinate function ga (y, x) which maps Fx Na onto p-! (Na), 
.the union of fibres over Na, is defined in such a way that ga (Cal (ya)), x), 
yaeé Fa and xe Na, is a mapping of class Cr. This is possible since we have 
{NV } and the favorable coordinate systems with the property as stated above. 
The group of the bundle is the group of homeomorphisms of class Cr, 


2. Correspondence Between Consecutive Fibres 


We consider local properties and denote by ¥! or merely by y the coordi- 
nates yl, ---, y” and by x or x the coordinates xl, .. , x7". We adopt summation 
convention. The length ds of a line element in V?+m is then given by 


(2) ds’=9 5, CY, DD DW dy® +2950 CI, DD dys dx” +gap CY, x) dx® dxé . 


We assume det |9;,|+0. This assumption is necessary, for the expression 
(2) must give the length of a line element in Fs by putting dx=0, | 
Hereafter the fibre over x is denoted by Y*"(x). This is the same as 
Y" (P) where P=(y', x”) or P=(y, x), x being the abbreviation of (x”). 
The Riemannian metric in V?t+m as given above induces a correspondence 
between two consecutive fibres, or, precisely speaking, we say that the point 
(yi, x”) in the fibre Y” (x) corresponds to the point (yi+dy!, x*+dx”) in the 
fibre Y” (x+dx) when the vector (dyi, dx*) in Vr+m lies in the normal direc- 
tion to Y” (x) at the point (yi, x”). This means that dy! and dx” satisfy 


jp Wk+gjg axP=0. 


As det |9;,| =: 0 we can solve this and get 


(3) dyi + Tt Cy, x) dx*=0 
where /’2 are defined by 
(4) yee 


Let us consider two consecutive points (yi, 4%) and (y'+dyi, x%+dx*) in 

V+m, which need not correspond to each other, and construct the expression 
(5) > dyi=dyi 2 Ti dt. 

Aiea the vector (8y!, 0) tangent to Y” (x) has such a meaning that the point 
(yi+Syi, x*) in Yr(%) got by displacing the point (y', x”) by (8yi, 0) corres- 
ponds to the point (y!+dy', x*+dx*). From such geometrical meaning it is 
evident that 8yi are transformed as the components of a contravariant vector 
under the transformation of the form (1). This is clear also from the law of 
transformation of the quantity /’3. See [M. Y.] 
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3. Isometric Fibres and Holonomic Fibres 


We can consider fibred Riemannian manifolds with some special properties 
concerning the correspondence between consecutive fibres. 

We call the fibres isometric when the correspondence between Y* (x) and 
Y” (x+dx) as given by (3) is isometric. 

If we consider an infinitesimal vector i and two points y and yi+v? in 
Yr (x), where the x-coordinates x” of them are the same and hence omitted, 
we get the corresponding points in Y"(x*+dx) whose y-coordinates are 
yi—LPidx® and yi+vi—]i dx*—] 4 j vidx® respectively. The vector in 
Y” (x+dx) which corresponds to the vector vi in Y" (x) is then obtained by 
making the difference between the coordinates of these two _ points, 
vi-]’3 ;,vidx*. Hence for isometric fibres we get 

Gin Cy, x*) v5 vk 
=9 jp (ij dx8, x*+dx%) Ol—D I 02 dx") (vk_-P , vb dx*). 

Expanding this we get 


(6) Fiks =0 
where we put 
(7) F jp =9ik, «a — Gik,al’S — Yak tA Pa TES My S 


The system of total differential equations (3) is equivalent to the system 
of partial differential equations 


(8) Ts, 


and if this system is completely integrable, then there exists at least locally 
a system of co” submanifolds of dimension m orthogonal to the fibres Y*. 
Let us say then that the manifold V+ admits holonomic fibres. The neces- 
sary and sufficient condition thereof is the equations 


(9) Rigg =0 
where we put 
(10) Riys=Cie—li, DD +, oe 
2) If the system (8) is completely intergrable, then the system 
OR 
8%% Oe ts 2% 
is also completely integrable and admits independent solutions y!/ (y, Soca DUH oD 
If we take a new coordinate system, yi (i/=1/,..., n/) and x®, then the quantity Ti» is 
transformed into 7) by the equations 
Ae ee Seige 
Oy! : Oda 


But the right-hand side vanishes and we get the 


Theorem If Vntm admits holonomic fibres then we can choose a Favorable coordinate 
system such that T's and (ja vanish. 


See [M. Y.] and [V.]. 
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Although a Vxtm with holonomic fibres admits locally co” submanifolds 
orthogonal to Y”, we cannot say that these submanifolds are fibres. It may 
happen, for example, that the point set obtained as a particular solution of 
(8) is dense in V”+™; hence the assumption in section 1 is not satisfied. 


Now for isometric fibres we get, by differentiating (6) partially with re. 
spect to x8, 


jk, Bh a DG g—9ik,a,8 5 —Sar I'S ; 8 
— 925 IS,» —9ak, 01S, ;—9a3, 01S, 5=0- 
We also get, by differentiating with respect to y2, 
95k, «, a—Gik,b,a V2—9 jn, 6 Te, g—Gok. a I, j 
Gre, 5g — 903, Ie, 5-905 2, 5 a=: 


From these equations we get, after the usual process such as making alternate 
part and eliminating 9 jz, «, a, 


(11) Giz, a R%ap +9ap R%up, j+9aj Rap, ,=0. 


If we fix x, Ra,g are the components of a contravariant vector in Y* (x) 
for any a@ and 8. Then (11) shows that the vectors R@zg satisfy the equations 
of Killing. Hence we get the 


Theorem 1. Jf tsometric fibres are not holonomic, then each fibre Y” (x) 
admits a group of motions with vectors Ras. 


4, Decomposition of the Fundamental Tensor 


It was explained in section 2 that we can construct a contravariant vector 
in Y(x), (dyi, 0), from any infinitesimal displacement (dyi, dx”). Using 
such a vector we get from (2) 


d= jp (Syi—T'3 dx) (Oye— T'S dx®) 
+29;6 (yi —[%, dre YdxB +gag dx® dx® 
=9 jn YI8yk + (gas —9 iz 14 UB) dx dx?. 
If we define a new quantity by 
(12) Gop = Gae—Gin I TE 
then we have | 
, ds?=9 jz 89) 89*+Gap de® dx? 


Since det |gj,|+0 we get det | Gas | +0. 

We denote by gag the fundamental tensor of Vr+m, where A, B, … =1,--, 
n+-m and we use the convention y”**=x°%. The contravariant components of 
this fundamental tensor will be denoted by g48 and the contravariant com- 
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ponents of the fundamental tensor of Y”, gj, will be denoted by 97k. In 
general gj# キ gjk. From the definition we get 


9%” gai +9?" gpj =84=0 
and because of (4) we get 
(92* +98" 1S) gaj=9- 
Since det | 9j;,| += 0 we get 
(13) ge +9°8 S'§ =0. 
We have another set of relations 
9% gai +9? 9p; = 8, TL Caz = 95, 
from which we can derive 


(14) git—gsh-+gi4 TE =0. 


5. A Property of Isometric Fibres 


In this section we consider a property of isometric fibres as a set of sub- 
spaces in V™*™, 

We use the coordinates y4 (A=1, . , 2+m) where y"**=x%. As the fibres 
are obtained by putting x*=constant and the points in each fibre are indicated 
by the coordinates yi we get 


=< 0 yA Sy. | 
15 A ee 0 
and 
(16) Hj; = Bs 3h = ‘jk Yin 6; ’ 


-where the semi-colon denotes covariant differentiation with respect to J” oe the 
Riemannian connection in V+, and yi ,» the Riemannian connection in Y” (x). 
If we substitute 


(Ae : 
Din = 5 94? Gja,k+9na,7—Iik,a) 


L 
le <s 94” (950, k+I ke, iG k,w) 
and 


‘ 1 2 
VR 9 gi2 (9ja,k+9ha,3—Dik,a) 


which are the consequences of J "Ac and yi,,’s being the Christoffel’s symbols 
with respect to gag and g;, respectively, into (16) and use the relation 


ja,k Tha, JI ip, ; 
Ya Lot Ina, EFI DS, p+ Ina VG, 5—GIik.o 


= (954,4+9:0,5—Iina) 8—F ja, 
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which is the consequence of (4) and (7), we get 


ed 1 
ee ae 2 (9%4-+9%8 I$) (95a,k+9 40,3 —9 jh a) 
af 
— 9 9°? Fixe, 
H:3i= at Cgia ia Le Fra 
の erm +g ND OTE TG 


ーー git Estes 


As the first terms in the right-hand side of these equations vanish because of 
(13) and (14), we get 


% 1 
BRA EH 
(17) y 


bone le AY 
Aj, = 2 gt i 


For isometric fibres F'j,, vanish and hence Hj;4 too, and this means that 
the spaces Y” are geodesic. Hence we get the 

Theorem 2. The fibres are isometric if and only if they are geodesic sub- 
Spaces. 2 


6. Similar Fibres 


In isometric fibres the correspondence between Yr (4) and Y"(x+dx) is 
isometric. We now consider the case where the correspondence is similar and 
the ratio is of the form 1+o,,dx* where o depends only upon x. This means 
‘that F jja satisfies 
C185 Y Diep aye EIR 
We say then that the fibres are similar. Similar fibres are turned into iso- 
metric fibres by a conformal transformation of the type g4g— p’9 agp where 
p depends only upon x. 

Since we get from (17) and (18) 


HP =—9"? oy 6 Gip 
Hjzi=—G' 0,6 Dik 
we have the 
Theorem 3. Each member of similar fibres is totally umbiltcal. 


7. Parallel Fibres 


Consider a pair of corresponding points (yi, x”) and (y'—I'B dx®, x%+4+dx%) 
on Yr(x) and Y*(x+dx) respectively. The distance between them measured 
in V+m is given by 
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dl=V Gap dx® dx? 
as we can see easily from (12). If this distance depends only upon the pair 


of fibres, Yr (x) and Y* (x+dx), and not upon individual points we say that 
the fibres are parallel. They are characterized by the equations 


(18) ー ニ ーー ニー) 


8. Isometric Parallel Fibres 


In section 5 we saw that isometric fibres are geodesic subspaces. Now 
take two consecutive points in V? 々 tim with isometric fibres ‘and consider the 
problem when the tangential z-planes at these points are parallel to each 
other. A point (yi, %%) and a vector vi at this point are taken in Yr (x) and 
the vcctor parallel to vi is taken at a point (yi+dyi,x*+dx%) in Yr (x+dx). 
Then its components are given by 


vA— [8 vB dyC, (CTH = 


where, by assumption, we must put v”+*=0. The x-components (A=n-+1, - 
n+m) of this vector must vanish if the tangential »-planes considered above 
are parallel. Hence we have 


v*—]7% vB dyf =0. 
But v*=0 and vi is arbitrary. Therefore we obtain 
=, T=0: 


The former is satisfied because of the isometricity, for we get from (16) and 
(17) 1’°%,=Hj,*=0. Hence we must consider only the latter equations. We 
substitute (4) and (13) into the definition of 7%,, 


1 ; 
y= 9 Pt (GiF, ¥ +97, 395, 1) 
ry 
“9 9°? (Obi t96y. j—957,8) 
and get 
2 1 
(20) hy= 5 9? (Gor, 3+-90j Rgy —Faje 9). 
For isometric fibres we get A 
‘ 1 
On the other hand we have from (13) : 


(99 +9°8 T'S) gay =0 . 


“B (Gay, j+-9a7 Repy ). 
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hence 


RA AN 
that is, 
9°? Copy — "3 Jay )= oy 
This means that det | 9%*| does not vanish. Therefore we get from (21) and 
i 
Gey, j+9aj Rgy =0. 
But Gsy is symmetric with respect to 8 and y and Rs, is skew-symmetric 
with respect to 8 and vy, so we get 
Gey, = りり ’ Rsy =0: 

Now Re<s, =0 means holonomic fibres. Therefore we can take a suitable 
coordinate system and put 7 =gj.= 0. In this case Gpy, ; = yey, ; =0 means 
that gg, depends only upon **. On the other hand we get gj,,4—0 from 
(6) and 7% =0. We can conclude then that the V+ is decomposed locally 
and we have the 

Theorem 4. For isometric fibres the tangential n-spaces at consecutive points 
are parallel when and only when the V"*™ is decomposed locally into the 
product V"xV™. 


9. Allowed Curves 
If a curve in Vrtim, (yw (DD, x” (£) ), connects corresponding points of fibres, 
that is, if the equations 
(22) y+ = 
are satisfied, we shall call it an allowed curve. ' 
Let us consider the properties of fibres for which any geodesic tangent to 


an allowed curve at a point is itself an allowed curve. To that end we sub- 
stitute (22) into the equations of geodesics 


yt bcd? 9 =atyi 
(23) (yn *#=x"%) 
TGCIB IC =a" 
and obtain 
FT ET aly P44 Ti = 
(PD 20% i+ Gy) 0 x =a, 
On the other hand (22) gives ‘ 
ye + (TT | V9) 2? x7=0 
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and these equations must be compatible. Hence, substituting the former 
equations into the last, we see that the symmetric part with respect to @ and 
y of the expression 


(24) PET{LTi—2 Wy etl ey tt eg ae 
. | —21'% AFT) — (Th hl3) 
must vanish. 
We calculate (24), using (13), and get 


: | | ; 
Co dae Bel ga) 2 (9ja,k+9ka,j—Diksa) irs 


Et ! 
—(jay + Pa, — Hr, a) 4+ 


2 (9 ba, y+9 a,8—98Y, a) | 


moe le TRE ns 
Using (4) and (12) we get (we consider only the symmetric part) 
aa RVR |- 2 Gey, a 二 9ja CN nae Bb Vi | 


a a yl. 
On the other hand we have from ai 
CNT) 950=8) « : 
Therefore the symmetric part of (24) is equal to 
— 4 (24D Egea) Gora 
whose vanishing means Gey,a=0. Hence we. get the 


Theorem 5. A geodesic of V"*™ tangent to an allowed curve at a point 
is always an allowed curve when and only when the fibres are parallel. 


10. Group of holonomy 


In section 1 it was explained that the fibred Riemannian manifold V+ 
is a fibre bundle. But its base space X is not. a Riemannian manifold. In 
the special case of parallel fibres the base space. Xm has a Riemannian metric 
with Gia (%) as the fundamental tensor, for Gg depends only Wpon YE 
shall consider some properties of such V”*” in the large. 

If we take a curve from a point x, to another point x in the base space, 
the fibre over x can be mapped onto the fibre over x, along the curve. If we 
take a closed curve from x; to %, the fibre over x, can be mapped onto itself. 
In this way a group of transformations in the fibre is obtained which is an 
analogue of the group of holonomy in an affinely connected space. Hence we 
call this group the group of 0 to 
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Precisely speaking, this group is obtained as follows. 

Take a point x, in the base space X’™, whose coordinates are x*,, and a 
point yi in the fibre Y* (x%,), whose coordinates are ( yt, x%,). A closed curve 
in X™, x* ¢), OS¢<1, with x* (0)=x* (1)=x*, determines an allowed curve 


_in V+, whose projection in Xm is the given closed curve, by the equations 


yi t+ Li xe =0 

and the initial condition yi (0)=yi,. As, in general, the end point of the allowed 
curve (y/(1), ~%,) is different from the beginning point (yi (0), *%1), we can 
consider that a transformation yi (0)— yi (1) is induced by the closed curve 
4%. Taking as (yt), x%,) every point of Y” (x,) we get a topological trans- 
formation of Y” (x,). Hence we know that to a group of closed curves from 
x, to x, corresponds a group of topological transformations of Y” (%,), which 
we call the group of holonomy of V”*™ at x, and denote by HI(Y", Xm, x) 
or merely HICY”, Xm). 

This group of holonomy has properties resembling those of the group of 
holonomy in an affinely connected manifold. If the fundamental group of X ‘2 
is not trivial, an element of the group of holonomy belonging to an arbitrary 
closed curve in Xm is the product of an element belonging to a closed curve 
which is a representative of its homotopy class and an element belonging to 
a closed curve homotopic to zero. Elements belonging to contractible closed 


'curves generate the group of holonomy in a narrow sense. 


For isometric fibres the group of holonomy is a subgroup of the group of 
motions in the fibre. For holonomic fibres the group of holonomy consists of 
identity only. (We consider only the group of holonomy in the narrow sense.) 

The group of holonomy of a fibred Riemannian manifold has various 
more complicated properties than that of an affinely connected manifold, for 
the fibre itself is more complicated than the tangential Euclidean space. As 
an example we consider the following property. 

A p-dimensional cube I’, p= 2, is defined by 0 Gt, <1 =1, …, DD and 


its boundary denoted by I, its face tp—0 by J#-1, and the remaining faces 


by J?-!. Then we get =It- Jt, o-1=J2-1 AJ P-}, “ihe 
Let us consider a mapping of class Crwhich maps 1? into A and i into 


a point xy and denote it by vi 
i Hees (41, ‘ea 2 tp) 


(the: functions «“ depend upon the coordinate neighborhood but this does not 
“matter). If we consider the set of equations 


: a * : 
sa + Tu ae =0, ¥ hy, tpi D=y, 
Db Db 


its solution y#.(f,, -: , tg) and x” Ch1, ,¢5) map J? into V"*™, J*7—1 into a point 
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(yi, 12), and J-1 into Y" (x). We denote this mapping by f, 
=x? (hy; , te), « HH, to), 
(I, [2-1, JP-1)—> (Vatm, Y* (x), (H's, 471) Ds 


This induced mapping is obtained uniquely from v3 

Consider the image of f(J*-1) in ¥Y"(x,). This is obtained by putting 
tp=—0, the remaining variables 4, --- , tp-1 taking various values. This means 
that a point of this image is obtained by operating an element of the group 
of holonomy corresponding to a closed curve x” (t,---, t»-1, ユー の upon 4. 
We denote this image symbolically by 8f(I*-1)y, where 8f(I?-1) is a set of 
operators upon 4;, hence a subspace in the space of the group of holonomy. 

If a is an element of 7» (X”), there is a mapping f which represents a. 
If f’ is another mapping which represents a and f’ its induced mapping, f’ 
is homotopic to f. 6f/(I#-1) 4; is also homotopic to 5f (I? 1) y,. On the other 
hand as f (J?-1) =f! (J?-1)=(yij, 2%) we have CID i= LY) =(1,2%), 
that is, of ([- A= FCI?- 1)=0. Hence 8f and 8f!’ represent the same element 
of 774-; (HD, where Hl means the space of the group of holonomy. 

In this way we obtain a mapping 


8*: p(X") 3 Tp-1 (HD) 


of homotopy classes. This mapping is a homomorphism into, for if a and 8 
are two elements of Tj; (XM) andf and f/ are the mappings J*—> Xm repre- 
senting a and 8 respectively, we can construct their sum by putting 


F 2b te, tp) ee 
[+f の = 
に tereeD + Shot 


11. S$S3 as an example of V”+™ 
A point in a 3-sphere S3 can be represented by a unit quaternion q= 
, Ko+ix +jx2+ kx3, |q|=1, and a mapping S}— S? is given by qiq”', 
Gigi (x? +42 — 4p? — Hg?) 47 (2 Hy Xp +2 Hy X2) +k (—2 x) Ho+2 x, *), 


where a point in S? is represented by a unit quaternion with Aas keen real 
part. Then we can consider a fibre structure in S3 by putting giq-!=constant. 
If a point in S? is expressed by polar coordinates as (28, a), 0<@<7/2, 
0S aS27, then the same point is denoted by i cos 28+4j sin 28 sin a+ 
ksin 28 cosa and the points in S3 which are mapped into this point are given by 


X=cos @ sin 8 ; %,=cos 8 cos 6 


x.=sin 8 sin (a—@) . *3;=sin 8 cos (a—@). 
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a and 8 are the coordinates which determine the fibre (x-coordinates in the 
preceding sections) while @ is the coordinate in a fibre (y-coordinates in the 
preceding sections). 


If we consider S3 as a hypersphere in a Euclidean space we get 
ds’=d@?—2 sin? 8 dd da+sin? Bda?+d~?; 


hence the fundamental tensor becomes 


1 —sin2 2 0 
gaB=| —sin?8 sin? 8 0 |, 

0 0 1 

where we put 
yi=6, can, Le= Bis 
Then we get 
ri=—sin? 8, r=0, Ry=—2sin 8 cos 8 

and ; 


sin? 2 cos2 0 
c= | cots | 


0 1 


Hence S3 has isometric, parallel and non holonomic fibres. 

As we have qiq-1=7 cos 28+ sin 28 sin a+k sin 28 cosa, the correspondence 
between the fibres in S3 and the points in S? is given in such a way that the 
point which corresponds to the fibre (a, 8) has coordinates (28, a). As the 
point (a, 8, @) in S3 is the same as (7 +a, —8; 0), (a, T+ 8, T+0) or (7 +a, 
a7—, T+0) we can restrict 8 by 02 Lx 7/2. 

As an allowed curve is given by d@—sin? @da=0, if we fix @ and let a 
increase by 27r, @ increases by 27sin? 8. This means that a rotation of the 
fibre, which is an Sl, by 27rsin? @ is induced by a closed curve in S2, the base 
space, which is the projection of the allowed curve mentioned above. If we 
consider all of such allowed curves for 0 2 8 > 7/2, their projections cover S?. 
The projections of the curves for @=0 and for @=7/2 are points; one is the 
north pole A and the other is the south pole B. We join A and B- by the 
meridian «=0 and consider the closed curve going from A to (2p, 0) along 
the meridian, from (2, 0) to (2 Bo, 0) along the latitude @=) with in- 
creasing a, and then from (2 &, 0) to A along the meridian. Such a system 
of closed curves for 0 <8)<7/2 covers S2. On the other hand, an allowed 
curve over a closed curve of this system induces a rotation of the fibre (0, 0) 
by 27 sin? @, and this angle increases from 0 to 27 as Ay increases from 0 to 27r. 
A covering of S? by a system of closed curves as mentioned above is equivalent 
to a mapping (J, I 2) =» ($2, A) which is a representative of the generator of 
12 (S2), while to the increment of the angle of rotation of the fibre, S!, from 
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0 to 27 corresponds the generator of 7, (Sl): Hence in the present case the 
mapping 6*: a» (S2)-» 7, (S!) is the isomorphism of an infinite cyclic group 
onto an infinite cyclic group. This is quite different from the mapping 72 (S2) 
— Ti (Sl) obtained by the ordinary group of holonomy of a Riemannian con- 
nection when we consider unit tangent vectors over S?2, for in this case the 
generator of 772(S2) is mapped to the generator of 7, (S1) multiplied by 2. 
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Order-Disorder Transformation and Magnetic 
Susceptibility of Mg-Cd Alloys. 


By 


Nahonori MIYATA 


Synopsis 


The magnetic susceptibilities of Mg-Cd alloys at several temperatures are 
measured by Gouy’s method in a vacuum. The alloys between pure Cd and 
60% Mg are diamagnetic and those between 60% Mg and pure Mg are 
paramagnetic. In the disordered states the magnetic susceptibilities of the 
alloys are independent of temperature and in a linear relation with the com- 
positions. In the ordered states the diamagnetic alloys increase their suscepti- 
bilities and the paramagnetic ones also increase their susceptibilities. In the 
appendix the difference of the Brillouin zone of the close-packed hexagonal 
structure between the ordered state and the disordered one is discussed. 


1. Introduction 


The alloys of magnesium and cadmium have the ordered structures for 
concentrations corresponding to Mg;Cd, MgCd, and MgCds. They are of great 
interest since both metals have the same valency electrons and about the 
same atomic volume, but the axial ratios of their close-packed hexagonal 
structures differ markedly, being about 1.62 for Mg and 1.89 for Cd. They 
form solid solutions over all concentrations with the same crystal lattice type 
as their elements. Interesting conclusions about these alloys, such as electric 
resistance, specific heat, coefficient cf thermal expansion, crystal structure and 
so on, have been obtained by many investigators. -© It is well known ex- 
perimentally that the magnetic properties, which show the state of ‘electrons, 
change with the construction of the superlattice.”) The results, especially for 
AuCus, were qualitatively explained by T. Muto® from the standpoint of the 
modern electronic theory of metals. Then, with such a point of view, the 
measurement of the magnetic susceptibilities, which has not been attempted, 
should assist us in investigating the characteristics of Mg-Cd alloys. 


meee Preparation of samples and method of experiment 


-’ Metals, both Mg and Cd, so-called 99.9%, were purified once more by the 
vacuum distillation method. They were melted in a test tube and made into 
the shape of.a cylindrical rod, .0.35 cm in diameter and 4.0cm in length. The 
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electric resistance was measured 

at first with a potentiometer 

and then the magnetic suscepti- 

bility by Gouy’s method in a vac- 

uum as shown in Fig. 1. When 

the electromagnet, being ex- 

cited, attracted or repulsed the 

sample S, the electric current in 

coil C; was at the same time so 

<> pomp controlled that the interaction 

lk : re between C, and an iron piece 
i Fe kept the balance at its initial 
“ 1 Cy zero point. It was found experi- 
mentally that the interacting 
force was proportional to the 
square of the current in C,, so 


2 long as the Fe-piece was demag- 
MP. Je eIMP o (_™. netized by coil C2 and also as 


<i 


oor) ary 


o9o002908S80 
yt 


the current in C; a mean value 
of one and opposite directions 
} was used for compensating the — 
effect of earth magnetic field. 


Fig. 1. Schematic diagram of : 
The influence of . ferromag- 


the apparatus 
netic impurity. could be elimi- 


nated by the equation” 
Xi=Xot or > 


where X» and X; were specific susceptibilities of pure and impure samples 
respectively, H the magnetic field strength, o the specific intensity of magneti- 
zation and m the mass of ferromagnetic impurity present in the unit mass of 
the alloy. 


3. Experimental results 


The feature of temperature dependency of atomic susceptibilities and 
electric resistances for various concentrations is shown in Fig. 2, in which % 
shows the atomic percentage of Mg. Every point on the curve was measured 
in the equilibrium state at a given temperature. No change was found at 0 % 
and 12.5% (Fig. 2a), but at 24% its diamagnetic susceptibility increased 
gradually below the transition temperature, but not sharply like the electric 
_ resistance, and still continued to change even at room temperature (Fig. 2b). 
Over 25% the change was made by two steps, and as the magnesium con- 
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centration was increased the transition. at a lower temperature became obscure 
(Fig. 2c). At 50%, corresponding to the sharp decrease of electric resistance, 
the increase of diamagnetic susceptibility was discontinuous and stopped 
within a narrow temperature region near the transition point (Fig. 2d). At 
64% a gradual increase of paramagnetic susceptibility appeared at a lower 
temperature after somewhat decreasing just below the transition point, and at 
75%, corresronding to Mg;Cd, an extraordinary increase occurred, the value 
of which was about three times as large as that in the disordered state, being 
kept still at room temperature (Fig. 2e). As the magnesium concentration 
was increased over 75% the change became smaller and obscurer until it com- 
pletely disappeared at 85%. 

The relation between the atomic susceptibility X4 and the atomic concen- 
tration of magnesium is shown in Fig. 3. In the case of the disordered state 


where no dependence of X4 on temperature was found, the experimental 


results could be represented by a straight line. X4's at room temperature, 
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0 50 100 150 200 250 360 35 °C 


Fig. 2. d 


some of which are not in the perfect ordered state but in the equilibrium, 
are shown in the figure. The alloys of poor magnesium concentration com- 
pared with 60%Mg were diamagnetic and increased their susceptibilities by 
the formation of -the ordered states, and the alloys of rich magnesium were 
paramagnetic and also increased their susceptibilities, especially for 75% cor- 
responding to Mg;Cd. 

Experimental results of electric resistance were in good agreement with 
those of other investigators. 
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Fig. 2. e 


4. Discussion 


(1). At first we consider the disordered state. Magnetic susceptibility of 
non-ferromagnetic matals is separated into two parts, that of a contribution 
from ions at lattice points and that from valency electrons. If we may 
assume that the former is nearly equal to that from free ions, a dotted line 
in Fig. 3 is obtained.’ Then, the portion held between the two straight lines 
in the figure shows the contribution of valency electrons, Xe. Besides, Xe is 
split theoretically into two parts, one of which is a paramagnetic term and 
the other a diamagnetic one, and each depends upon the behaviour of energy 
E (k) in k-space, where k is the “ Ausbreitungsvector. ” 


Energy near the boundary of the Brillouin zone in k-space is shown as 
2 


E (= gs {ay k++ ky? +03 kz?} , 


4Eo 


where a,=1+ TE? Es is energy of a free electron and 4E an energy gap 


along x-direction at the boundary which depends on the electronic potential 
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in the matal. Then paramagnetic and 
diamagnetic volume susceptibilities of 


valency electrons are | 
tn 3N \ yt 1 :| disordered state 
K para= (25 (ia ‘| ordered state 
~ ; d ( room temp.) 
an 
Seon t Arms 3N (Caes) 
Kaie=— 3 (= asf 3 ay 


respectively, Sle the magnetic field is 
applied to x-direction. 

According to Jones and Mott,@ on 
the other hand, the first Brillouin zone 
of close-packed hexagonal structure, 
such as of Cd or Mg, is shown in the 
upper corner of Fig. 4, and the number 


n of states per atom included within 
this zone is has by 


pa (2-4 (2)}), 


Since two ee electrons belong to 
an atom of Cd or Mg or their alloys, 
a part of them must overlap beyond 
the first zone, at B and partially at A 


Fig. 3. 


for Cd, and at A and partially at Q Relations between the magnetic 


susceptibitities of Mg-Cd alloys 


for Mg, and also at the proper position EE 


for the alloys corresponding to their 
lattice constants. 

If the fact that there is a great difference of Ne between Cd and Mg, 
representing 1.4x10-6 and 15.7 x 10-6 respectively, is attributed to the number 
or the position of electrons beyond the first zone, there should be some rela- 
tion between Xe and lattice constants. As shown in the lower part in Fig. 4‘? 
‘where the axial ratio c/a is plotted against atomic composition, it will be 
seen that the ratio drops to a small value at about the composition of 40%. 
We may deduce that the intimate relation between the magnetic susceptibility 
and the c/a of the alloys is not found, and that the difference of Xe should be 
attributed, not to the number or the position of electrons beyond the first 
zone, but to the behaviour of the energy near the boundary which depends 
on the electronic potential in alloys. The linear relation of the magnetic 
susceptibility against the composition shows that the Nordheim potential— 
mean potential produced by Cd- and Mg-ions distributed on lattice points pro- 
portional to their concentration—gives a good approximation. 

(2). Next, we consider the ordered state. We can calculate and discuss 
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qualitatively the change of 
magnetic susceptibility due to 
the formation of the ordered 
state by the same method 
initiated by T. Muto. Accord- 
ing to the results, as shown in 
the appendix, the behaviour of 
E (k) in k-space changes, be- 
cause the Fermi surface cuts 
across some of the new bound- 
ary planes of the Brillouin zone 
since the zone in the disordered 
state is divided into smaller 
volume zones. 


5. Summary 


Temperature dependency of 
the magnetic susceptibility of 
Mg-Cd alloys was measured by 
Gouy’s method, and compared 
with that of the electric resist- 
ance. The results are as fol- 
lows :— 

(1). In the disordered state 
where no temperature depend- 
ency was found, atomic suscep- 
tibilities depend linearly upon 
the atomic concentration. 

(2). The diamagnetic or paramagnetic susceptibilities in the equilibrium 
state at room temperature were larger respectively than those in the disor- 

dered states. 


(3). Alloys, except those which had the atomic ratio 1: 3, 1: 1, or 3:1, 
showed two steps changes. 


Fite mer. era 
0 10 20 30 40 50 60 10 380 0 100 
—* At. 26 Mg 


Fig. 4. 


(1) Relation between the lattice constants 
of Mg-Cd alloys and their compositions. 


(2) Brillouin zone for close-packed 
hexagonal lattice. 


(4). The results of the electric resistance were in good agreement with 
other investigator’s. 


The author would like to express his hearty thanks to Prof. Z. Funatogawa 
for his kind advice. 

This investigation was financed by the Grant in Aid of Fundamental 
Scientific Researches of the Ministry of Education for 1950. 
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Appendix: 


What is the Change of the Brillouin Zone of the Close-Packed 
Hexagonal Structure when the Superlattice is formed? 


It is a well known result of the quantum theory of metals that the Bril- 
louin zones are bounded by the various planes specified by the equations 


>> 1 
(n, k) + 5 2=0 , 
and the amount of discontinuity in the energy on crossing the plane (m, No, 


m3) in k-space is given to the first approximation by 


4En=2 | Vu | ’» 
where the potential of the lattice field may be expressed in the form 
27T Zz > > 
vee Vu exp {— = (na, | 2 


On the one hand a close-packed hexagonal lattice may be divided into 
four interpenetrating close-packed hexagonal sublattices which are flatter 
than the original lattice, that is, a-axes of them are twice and the c-axis is 
the same as the original ones, on the other hand it may be regarded as four 
interpenetrating orthorhombic lattices suitably displaced relative to each 
other. A site belonging to one hexagonal sublattice is surrounded by twelve 
sites belonging to three other sublattices. When one, two, or three sublattices 
are occupied by A-atoms and the remainder by B-atoms, each case corresponds 
to the AB3, AB, or A3B type respectively. 


Fig. 5. 
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Let A,, As, and A; be the lattice constants of the orthorhombic lattice 
which constructs a hexagonal sublattice. Then, as shown in Fig. 5, the co- 
ordinates of origin of the four sublattices are, respectively, 

(0, 0, 0); GA1, 4A2, 0); C4A1, 1A2, 0); GGA, 9, 0). 

Using these facts, we may expand the potential at any point in the close- 

packed hexagonal lattice in the form 


V (7) = Vn exp (—ZN,7r), 
n 
/ 1 
Vn={1+exp 77 (my 4+M2)} {1+exp 77 (m+ 3 202 十 23)} X 
1 
{Vrs Vanes exp ri (5 n+ 3 ma)+ Varsexp ri (5 m+ 5 no) + 


Var, exp 7 in,} (お 


where WN is a vector standing for (27 


2 3 
,orr Ap ,27T A, Dy and each of 


N, M2, OY 13 may be an integer of positive, negative, or zero, and Vx,; (¢=1, 
2, 3, 4) is the coefficient of the potential for an orthorhombic lattice, which 
constructs an i-th hexagonal sublattice, composed of atoms of the type de- 
noted by 7. ; 


If ¢;(7”) be the average potential predominated near the position spe- 
cified by 7, we have, by a definition of Vz; and Nordheim approximation, 


> — >> 
Db, (7—mMA)=D Var exp (—7 N,7),. 
m 7 


> > 
$; (7) == be Vi (7), 
where f:7 expresses the probability of the atom t occupying the position 


specified by 7 and V:(7) the atomic field of the kind ¢# From these equa- 
tions we have 


a Are 1 Zi—F: 
sae Pr i 2 2), 


where —e is the charge of an electron, Z; the atomic number of atom t, Fi 
the atomic scattering factor of X-rays. Then, from (1) and (2), we have 


ra _ | 87re? Aa . 4 a AS 1 
4 En=2| Val = A\A,A; Na = (4: —-Ft) { pe +p: sexp mi ( 5 M+ me) 
a =/ nf : 1 
Ds exp zi( g mt 9 ny) +i"! exp 2 | 11+exp 72 C+ } 


{1-rexp wt (nit ; no-+n3)} s 


To a finite energy discontinuity corresponds not every plane given by the 
equations 


Seay Le NC Meee 


で ee ow 
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but only those for which V» is different from zero. 
In the case of the perfect disordered state, 


hi = hp? = for AB; type and 


pvi=pyi= 3 0 4) for AB type. 


It is easily shown that the results obtained for this case are equivalent to 
those for the pure metal. 
In the case of the perfect ordered state 


p=, hi=0, pi” 73, n= pot 73, 4—1 for AB; type and 


py EE po 2=(), py 10, ps, TA] for AB type. 


Considering that the distance from the origin to the piane denoted by u 
is given by 


Table I. 
Ni 2 73 Saige Sint be rt disordered | expression for 
AB3 type AB type state hexagonal lattice 

Tea dey0 O O x | 10,0} 
HAZ L0 る fe 2 | 

oe 8 ms 3 {110, 1} 
De ie ae @ x x 
Sie i ‘ Se pe Matas 
LS (a Se x | 
rane : a 2 (2 2 0, 0} 
0 4 0 © @ O 
aera - Me = {2 3 0, 2} 
0 4 2 © 3 O 
002 O O O £0 0 0, 2} 
eae = s ? £1). 2% 
OQ 42> 2 O x x 
ase “ * = } (220, 1} 
0 4 1 © O oO 
gets = ‘ 3 | {21 i, 2} 
i Vertes ee” @) x x 
th マ * } ST 2, 07 
2 LAY) O oe x 

©: appear 


x: disappear. 
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CC 


the table I is obtained for several numbers of Zn. It is found that in the 
ordered state there appear more planes of energy discontinuity than in the 
disordered state, and more planes for AB; type than for AB type. 


- (fF) 

(2) 
(3) 
(4) 
(5) 
(6) 
(7) 


(8) 
(9) 
(10) 
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Study on Lichtenberg’s Figures by Means 
of Color Films. 


By 


Bunji ARAI 


1. Introduction. 


v 


The principle of “ New instrument-New result” is dominant. The writer 
tried to obtain Lichtenberg’s figures by applying impulsive voltage to color 
films, instead of photo-sensitive materials hitherto used. ‘These color films used 
for the new instrument, have recently become available in this country. 

Concretely speaking, his project is to investigate Lichtenberg’s figures with 
a working knowledge-of the principle, construction and ‘characteristics of color 
film, in connection with the following questions, namely: ‘ What acts on the 
emulsion of color film? How are the figures formed?” “Is the acting particle 
a photon? (What is the wave length range, then?) Or is it a directing action 
of charged particles on silver halide?” “In what layer of color film does 
electric discharge take place?” ‘These questions have a connection with con- 
structive and essential problems in relationship to Lichtenberg’s figures. “Can 
the color variation of Lichtenberg’s figures not be explained as energy distribu- 
tion of electrical impulse applied to color films?” 

The aim is to find new facts about Lichtenberg’s figures with new materials 
and new techniques. ° 


2. Experimental Apparatus and Method. 


(1) Electrical source and circuit. 

The half side of Gaiffe Gallot et Pilon’s D.C. high-tension apparatus 
(125 kilo volts max. by multiple rectifying method) made in Paris, was used as 
the electrical source together with the circuit of impulse generator which had 
been used for his last experiments by the writer.” 

Now, experiments have been carried out on color films as follows. 

A special camera with wiring has been so arranged that positive and 
negative figures can be obtained on one emulsion surface and at the same 
time. The connection diagram is shown in Fig. 1. In the diagram, the part 
rounded by an imaginary and broken line shows that the part is made of one 
block, and the sphere gap (G2) for chopper of impulsive wave and the camera 
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Fig. 1. Schematic Diagram of the Apparatus. 
— Wiring and Special Camera —— 


The circuit of Gaiffe-Gallot et Pilon’s multiple rectifying high-tension source, and the 


special camera connected with the impulse circuit. 


T 


Cy, C2 : 
Ki, Ko: 


Rs 
Cs 
Gi 


High-tension transformer (100 V > 50 KV, 30 mA.). 

Condenser. 

Kenetron (attached to heating transformer. 10 V, 8 amp.). 

Liq. resistance (dilute solution of HeSOq, 2x 105 Q). 

Large Leyden jar (0.0038 vw Fx 2). 

Sphere gap (25cm ¢ btags ball, gap length—fixed at 20cm, 25°C, 760 mmHg— 
50 KV, max.). 

Sphere gap (2.0cm ¢ brass ball, gap length—variable, G1 He 

Liq. resistance for damper of impulsive wave (solution of CuSQ4, 300 or 600 Q). 
Fixed resistance (HOKUOHM—resistance ready-made as a 1 radio part, 1MQx5, 
4 watt type). 

(TD Type 300 high press. mercury lamp, TEIKOKUDENKI Co. Ltd., made in 
Oct., 1914 A.C. 100 V, 300 watt). 
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for sensitive materials (hatched and rounded by a broken line) builds up one 
piece. Fig. 2 shows the construction of this camera in detail.2 Fig. 3 is the 
photograph giving a general view of the apparatus and the impulse circuit 
constructed by the writer. 


Fig. 2. Details of Special camera designed for the Experiment. 
Positive and negative figures can be obtained on one emulsion surface at the same 
time. This camera is made from an empty box of Agfa’s Isopan dry plates. 
I : Bakelite plate. (0.26cm thick). 
-L, L/: Bakelite lock nut. (1.6 cm ¢). 
PQ, P/Q’: Brass needle electrodes. (0.35 cm¢#). 
F : Photo-sensitive material. 
Cc : Copper plate (10.8 cm x 8.3 cm x 0.10 cm). 
J, J, X,Y: Paper box (empty box of Agfa’s Isopan dry plates of the size 10.7 cm x 8.2 cm). 
M : Set screw. 3 
N,N/: Screw for fine adjustment and lock nut (brass bar 0.5 cm 4). 
Th : Terminal for high-tension side. 
Te : » earth side. 
B : 5 ,», neutral (is connected to mid point of Ri1—R2). Length of Lt L~ =6.0cm. 
G2 : Sphere gap for chopper of impulsive wave. 


” ins tS i 
Fig. 3. Photo. of a part of Gaiffe-Gallot et Pilon’s Apparatus and the Impulse Circuit 
constructed by the writer, (Same notation as in Fig. IDE 
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(2) Method. 
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The sphere gap (G;, G2) was illuminated by ultra violet rays from the 
mercury lamp, to minimize the fluctuation of sparking voltage. Keeping always 
G, > G,, the impulsive wave supplied by G, was chopped by Gs; and given to 
L+ and L-. As R; was equal to Rs the half of sparking voltage at G, is was 


given to L+ and L- respectively. 


Color film used for the experiment is Fuji color cut films (tungsten type, 
non-halation, nitrate base). The half of the film used is of cabinet size 
.(165 mm x 120 mm). The magnifying section of this color film is shown in 
Fig. 4 (a) and (b). ((a) is the former type of color film, (b) recent one.) 


(Q) 


cb) 


Fig. 4. Section of Fuji Color Film (magnified). 
(a) the former type, (b) recent one. 


No. Name. 

1: Protective gelatine film, 

2: Blue sensitive emulsion, 

3: Yellow filter layer, 

4: Green sensitive emulsion, 
5: Rea es ” , 
6: Celluloid base, 

7: Antihalation layer, 


Its spectro-sensitivity is shown 
in Fig. 5. Cutting of color films was 
carried out by combination of a 
wood jig and a paper cutter in ab- 
solute darkness, and 2 sheets of 
106 mm x81 mm size are cut out of 
one sheet of cabinet-photo. size. The 
film was put into the special camera 
and impulsive voltage supplied at 
various conditions. Electrodes were 
bars (10mm in diameter). 


4000 5000 6000 
xX in A 


Range of sensitivity in 2. Thickness. 
(a) (b) 
4 1p, 2u 
4000-5200 A, 6p, 6p 
. 3u, 2u 
4800-6000 A, 6p, 6p 
oO 
5600-6700 A, 6p, 6p. 
0.018-0.020 cm 
15-20 w, 2u. 
ro) 
S 
ox 
a 
3.3 
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Fig. 5. Spectro-Sensitivity of Fuji Color Film. 


made of brass needles and brass round 


| 
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Experiments have been tried with the following selected problems under 
various conditions. 


ce cd 


cd) 


Fig. 6. Various Arrangement of Films etc. 


‘\V/: Needle electrode (brass). 
[}: Cylindrical electrode (brass bar 1.0cm 4). 
F: Photo. sensitive materials (color film, dry plate etc.). 
E: Emulsion surface. 
C: Copper plate. . 
B: Black paper (cover of Agfa’s dry plates, 0.008cm thick). 
e: Substance wite large dielectric constant. 
1 Color film, impulse ‘given. to it directly. ..:..0..06. 00 ..01........9ee Fig. 6 (a). 
Color film, covered with black paper. ............................ see Fig. 6 (a’). 
2 Materials of large dielectric constant ¢ (glass, bakelite, TiO, etc.) in- 
serted between film and copper plate, color film naked. ......See Fig. 6 (b). 
Color film covered with black paper in state of 2. ............See Fig. 6 (b’). 


3 With the aim of examining inverted figures, a glass plate was put on the 
base of color film, and the emulsion surface of the film put against the 
copper plate... 0 Ry ..See Fig. 6 (c). 
This glass > AA ae ne ee paper in state of 3... ae Fig. 6 Ce). 

4 Materials with large e, inserted between two color films. ee Fig. 6 (d). 
The upper film covered with black paper in state of 4. ......See Fig. 6 (d’). 
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The black paper used above is the cover of Agfa’s dry plates, and the 
paper is 0.008cm thick. With comparison in view, regular photo. sensitive 
materials (Oriental 1200 dry plate, Fuji Al dry plate and Fuji Portrait 
Panchromatic cut film) were given impulses under the same conditions as 
color films, and developed by DK,” for reference. The development of color 
films was submitted to the research laboratory of the Fuji Photo-Film Co. 
Ltd. | 


3. Experimental Results and Preliminary Discussion. 


The writer tried to obtain Lichtenberg’s figures by applying various crest 
voltages of impulse directly to color films. The first trial was made about 
an arrangement of case 1. In case 1, the whole film surface turned red. Does 
this fact show the existence of radiation of photons which have a long wave 
length (A=5600-6700 A)? When the cylindrical electrodes were used, an 
image which looks like the shade of the negative electrode appeared fre- 
quently. But the source of radiation seems to be in a little different direc- 
tion from the positive electrode. In the panchromatic cut film under the same 
condition that was taken up for comparison, the whole film surface was found 
covered uniformly with a strong fog, showing a wave pattern. In this case, 
too, a small space without fog was found on the side of the cylindrical 
negative electrode nearly opposite to that of the positive electrode. 

The form of the figure itself was a dendritic figure for the positive elect- 
rode, and a straight plume-like or a tertially figure for the negative. Both 
the figure is effected by the impulsive wave form in this circuit. The color 
of the figures was red-violet (something like the electric discharging color in 
the spectro-tube of nitrogen) both positive and negative being transparent 
near the electrodes. The color print is not ready at the time of this report; 

28 color film has been printed on an ordinary gaslight or chloride paper, as 
shown in Fig. 7 (a). Fig. 7 (b) represents figures taken with Oriental 1200 dry 


7 @) 3 ] ; ’ (b) 


plate (Ultra speed highly orthochromatic) under the same conditions. Results % 


of higher crest voltage with extended G, are shown in Fig. 8 (a) and (b) 
respectively. 


A “~~ ae ee ee —e a 
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Fig. 8 (a) (b) 


The writer also tried to examine the effect of the photon shut out, by 
covering the whole color film surface with black paper. In this experiment 
a material with large ¢ was inserted between the film and the copper plate 
with the object of enlarging figures!» Arrangement of 2 (Fig. 6 (b’)) was 
tried. As the result, when a bakelite plate was inserted, the whole color film 
surface looked dark olive green. The recent color film (it has the construction 
of Fig. 4 (b)) shows the color of a clear night sky; this may be characteristic 
of the color film, which naturally should be black. But this phenomenon may 
be due to the effect of a strong electrical field on color films. The color of 
positive and negative figures is cyan blue, being rather white near the elect- 
rodes, and the coronets of electrodes obtained are transparent. Besides, the 
tips of the negative figure turned out red tertially streamers. Refer to Fig. 9 
(a) and (b). To the writer this fact seems to have proved that the discharge 
action at the coronets around the electrodes reached every layer, the action 
of dendritic streamers spread along the film surface without penetrating into 
it and that of red streamers on the negative pens: reached the deep layer 
Bearest to the celluloid base of the color film. 
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(b) 


In arrangement of 3 and 4, cylindrical electrodes were chiefly used. ‘These 
experiments have been carried out to examine with interest how the color 
variation of concentric rings on inverted or secondary figures occurs. In case 
3 (refer to Fig. 6 (c)), the whole film surface also turned red. The color 
under the electrodes turned dark olive green, but the concentric rings were 
not clear. Then, when the color film was covered with black paper (refer to 
arrangement Fig. 6 (c’)), positive and negative rings appeared in cyan blue, 
orange color was found under the positive electrode and cyan blue under 
the negative one. Figures like red plums were marked in every direction from 
either edge of the electrodes. These phenomena are still under investigation. 
In the arrangement for case 4, ordinary figures and inverted figures are likely 
to be obtained at the same time. In the arrangement of Fig. 6 (d), a result 
similar to that of case 1 was obtained on the film of the upper side or on 
the side of the cylindrical electrode. On the film of the lower side or on the 
side of the copper plate, inverted figures were obtained the color of rings 
being pale-magenta-violet. In this case the color of the film under the elect- 
rodes turned dark olive blue. The red color of the lower film was rather 
paler than that of the upper film. The shadow of negative electrodes in both 
films was also similar to that in case 1. Refer to Fig. 10(a) and Ca’). In 
the arrangement of Fig. 6 (d’). when a glass plate was inserted between the 
films, the color of both films was like that of clear night sky or dark blue 
violet. The color of the positive figure on the upper film appeared cyan blue 
and dark orange respectively in dendritic streamers. The length of the dark 
orange streamers was not so long as the other. See Fig. 11 (a), (a’), (b) and 
(b’). At any rate, the writer thinks that different figures were superposed on 
electric discharges of different energy. The figures of the underside film were 
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Fig. 10 Gy. (a!) 
Fig. 10 (a): The film of upper side (Fuji Color Film). 
(a!) : yy. een OWE ” (€ ” ” ” >: 


The arrangement of Fig. 6 (d). « shows a glass plate of 0.13cm thick. 
The color film has been printed on an ordinary sensitized paper (SOMEI FS). 

In (a) and (a’), the whole film surface turned red, except under the electrodes where 
dark olive blue color appeared. 
' Color of figures: 
In (a), positive and negative figures were red-violet, being transparent near the electrodes. 
In (a’), both rings’ were pale-magenta-violet. 
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(b) Cb 


similar to those in the arrangement of 3 in the case of Fig. 6 (c’), but red 
plume-like figures never appeared. 

When a TiO, plate was inserted between films instead of a glass plate, 
very massive figures around the coronet of both electrodes appeared clear 
cyan blue on the upper side film, magenta rings and cyan streamers on the 


Fig. 12 (a) 
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Date and Data for Fig. 7.>Fig. 12. 

Fig. Number Uf 8 9 10 11 12 
Date 25-4-3 25-4-3 25-4-11 26-9-24 26-9-25 26-9-25 
Time 17h40m — 19h50m 14h—>16h 16h>17h 9hl5m > 10h 

Weather half fine half fine half fine cloudy rain rain 

Room Temp, (°C) 164° => 16,3) © 16.0- 16.4 23.5- 23.2 219 — 22.2 
Atm. .Press. (mmHg) 765.6 > 766.7 766.3-766.0 767.0-765.7 765.5 っ 765.4 
Humidity (%) 63 > 64 63 68 70 — 70 

G1 (cm) 2.0 2.0 2.0 2.0 2.0 2.0 
G2 (cm) 0.40 0.60 1.0 1.0 1.0 1.0 

r (kQ) 0.6 0.6 0.3 0.5 0.5 0.5 
= iN (a): FIC.F. (a): F.C.F. (a): F.CF. al FCF. 2 FCF 0 -FCE. 

oto. Sensitive AraC) OMe aod (al 09, 
nikteral aadaats 0.024 0.024 0.024 (a)! 0024 Ca’)? 0.024 (a’)) 0.024 
thickness (cm) |(b):O.P. (b):O.P. (b):F.P.F. ie -FEPF. Or ‘FPE, 
0.15 0.14 0.022 (b’)) 0.022 (b’)) 0.022 

Arrangement ‘Fig. 6 (a) Fig. 6 (a) Fig. 6 (b’) Fig. 6(d) Fig. 6 (d’) Fig. 6 (d’) 
Kind of &, — == bakelite glass glass TiO, 

‘and its 

thickness (cm) ーー —- 0.26 0.13 0.20 0.23 
Notice : 


F.C.F.: Fuji Color Cut Film (tungsten type). 
F.P.F.: Fuji Portrait Panchromatic Cut Film. 
O.P. : Oriental 1200 Dry Plate. 
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Sparking crest voltages. 
For gap (2.5 cm ¢) 2.0cm, 50.0 KV, at 25°C, 760 mmHg. 
5 oe 20cm EL. O.emrrs) 2 V 
>> ae ¥ 0.6 cm, 21.0 Kv} at 20°C, 760 mmHg. 
”» 9 + 0.4 cm, 148 KV 


F.C.F. for Fig. 7 っ > 9: 0841. Dev. before May. 1950. 
: » 97 10-12: NI'C-122-31. Dev. before Nov. 1951. 


\ 
other. Under the electrodes on the upper film appeared cyan small stars, and 
under the electrodes on the lower film, pale magenta red ones. See Fig. 12 
(a), Ca’), (b) and (b’). These phenomena are under investigation. 

The common problems in the phenomena described above are those of the 
color on the whole film surface. Is the cause of turning red in the strong fog 
due to the action of the photon with a long wave length or the action of the 
strong electric field? The writer is preparing for further experiments on these 
problems. How is color variation of figures produced? Are the figures pro- 
duced on each of multiple layers of the film excited by the electric discharge 
spreading perpendicularly to its surface? Another inference is thus: color 
variation according to the decay of energy of charged particles in spreading 
along the streamer may have been recorded on a color film. For the time- 
being the writer must leave the decision to future projects. 

This report is a summary of a part of the lectures made at the Special 
Meeting on Discharge Physics, held cooperatively by the Physical Society of 
Japan and the Institute of Electrical Enginees of Japan, Apr., 27, 1950 and 
Oct., 6, 1951 respectively. 

In conclusion, the writer wishes to express his hearty thanks to Dr. Y. 
NAKAJIMA (Prof. of Y.N.U. Elect. Dep.), Dr. T. Asanina (National Science 
Museum) and Dr. S. Fusyisawa (Director of Fuji Photo. Film Research Labora- 
tory) who directed him throughout this work. -The writer is also indebted to 
Mr. T. Ono (Tokyo-Shibaura Electric Works Co. Ltd.) for his supply of 
materials etc. in this research. Nov., 27. 1951. 
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On the Change of Magnetization due 
to a Small Stress”) 


By 


Yasuo GONDO 


Synopsis 


Measurements are here reported briefly on the change of magnetization 
due to a small stress. In these measurements the (H, o) method was used. 
In iron the change of magnetization is divided into.a reversible decrease, 
which occurs at o >800 g/mm2., and an irreversible increase, which is saturated 
at o=2 kg/mm?, Then from the reversible and irreversible strain sensitivities 
obtained here and a simple distribution of the internal stress assumed, we 
may estimate the internal stress of annealed pure iron is 660 g/mm2. It 
shows a fair accordance with previous investigators. The results of iron- 
nickel alloys are also outlined briefly in the last parts. 


1. Introduction 


The magnetization of ferromagnetic materials changes with the application 
of stress. It is a well-known fact that the permeability of materials with 
positive magnetostriction increases, and on the contrary, that of ones with 
negative magnetostriction decreases, when an unidirectional tension within 
the elastic limit is present. 

For annealed iron, however, the effect is not simple, since both increase 
and decrease in induction can appear from applying small tensions for low 
and high inductions, respectively. Hence the so-called Villari reversal is 
observed. 

For the investigation on the influence of a stress we have two different 
ways; we shall denote them as the (go, H) method and the (H, o) method. 
In these method o and H are applied in different orders. In the (co, H) 
method, used usually, after applying a constant stress o, then a magnetizing 
field H is applied. In the (H, 7) method, they are applied in reverse order. 
So between them the procedure of demagnetization and hence the distribution 
of magnetic domains as well as internal stresses should differ. But the latter 
is more convenient to investigate directly on the effect of the stress to the 


_. *) This report was read at the Meeting of the Magnetism Branch of the Physical 
Society of Japan on Nov. 7, 1949. 
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magnetization. Thus we adopted the latter method and desired to estimate 
the internal stress as an adhesive force. 


2. Experimental Procedure 


Through the experiments, after a sample had been set on the apparatus, 
‘the following operation, the (H, o) method, was applied. 

(1) A. C. demagnetization. 

(2) Applying the magnetizing field Ho and measuring the magnetization 
Jo. Ho was called a polarizing field, and Jo a polarizing magneti- 
zation. 

(3) Applying the tension o and measuring the magnetization J, while 
keeping Ho constant. 

(4) Removing the tension o and measuring the magnetization Jy. All 
the measurements of magnetization were carried out by the 
drawing-out method. Then we defined as 


AJr =Jr—J 
AJir = F —Jo 


where 4J, was the reversible change of the magnetization due to the tension 
and 4Jir was the irreversible one. By means of a group of experiments, the 
stress-magnetization curve was obtained for a parameter Ho. 

As the stress used was small, the magnetization curve of the sample was 
not so affected by it in the successive observations. Then, we could guess, 
the distribution of the internal stress was little changed by the application of 
the stress and the initial condition could be reproduced sufficiently by the 
A. C. demagnetization. 

Once the stress applied had exceeded the elastic limit, the magnetization 
curves in the successive experiments were remarkably different from those in 
the former one. To avoid this irreversible change of the sample condition 
we limited the stress used to one so small that it was within the elastic limit. 


3. Tron 


The (H, o) measurements were performed by using annealed pure iron. 
Two kinds of iron were used. The one was Swedish iron which had been 
annealed for a very long time at 1000°C. in a hydrogen atmosphere to ex- 
clude carbon. The other was the ordinary electrolyte iron. Before the 
measurements, they were annealed for four hours at 1000°C. in a vacuum 
and then cooled slowly. They were cylindrical rods of 250.0mm. in length 
and 2.06mm. and 1.00mm. in diameters of the former and the latter, respect- 
ively. No remarkable distinction between the two. sample was found. 

Some of the (H, o) curves obtained are shown in Fig. 1 with the 


On the Change of Magnetization due to a Small Stress, AL 


polarizing field and magnetization as parameters. 


The change of magneti- 


zation 4 J, due to the Stress, rises with the increase of stress at starting, and 
then it falls reversely when the stress is over a value, at which 4/ gets the 


highest value. When _ the 
stress is removed, 4 / turns to 
rise along a reverse path and 
at last attains characteristically 
a larger value at c=0 than 
the maximum in the stress- 
applying process. As the be- 
havior is quite opposed to that 
of permalloy and the stress 
used in this experiment was 
not so large as the permanent 
set would appear, it is not 
appropriate to assume this 
extraordinary decrease is due 
to the plastic deformation. 

As is well-known for iron, 
a contraction due to the nega- 
tive magnetostriction Mii1 was 
apparent in a rotation process 
of magnetic domains. So it is 
rather appropriate that the 
decrease of 4/ in high stress 
should be due to a reversible 
rotation of magnetic domains 
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pee eyes ay 
H.=8.0 %=//90 


0 a4 08 /.2 16 
o~ 
Fig. 1. Effect of low tensions on magnetization of 
iron for various magnitudes of the polarizing 
field. Broken lines indicate cases of removing 
the tensions. 
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and a compression consequently followed. 
Here we can see that the change of magnetization of iron due to the 


small stress consists of two parts; that is, an irreversible increase and a 
reversible decrease. In such a case the additive law can be used well. In 
Fig. 2 both of the reversible and the irreversible changes obtained by such a 
way are plotted with stress. The reversible decrease 4J;ey does not occur in 
smaller stress, but it is apparent at first beyond a stress of about 0.8 kg/mm’, 
which will be called a limiting stress, and rises linearly with an increase of 
stress. The limiting stress is affected with the polarizing field and the higher 
the polarizing field Hp is, the lower the limiting stress. 

On the other hand, the irreversible increase 4/Jir rises with an increase 
of stress and is saturated at o=18~2.0 kg/mm2% 4/Jir is scarcely affected 
with the polarizing field and the gradient d(4 Jir)/do gives the maximum 


value at o=0.5 kg/mm’. - 
Now we can obtain reversible and irreversible strain sensitivities I’, and 
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X:Ho=0.5 J=NT 


o:H =2.0 J,=842 


1.0 2 aS 


Fig. 2. The reversible change AJ, and _ irrevesi- 
ble change A J;,. Real lines: AJ;,. Broken 


lines: A Jy, 


Tir. Here P’y and JI’ir are 
fundamental quantites de- 
fined by 
4 - 
Pips BAT 


® 


and 
pia (A ‘ 
da 

I’, and I’j, obtained here 
are shown as a function of 
the polarizing magnetization 
in Fig. 3. In general J’j, is 
very much larger than Il’s. 
Moreover, we should notice 
that the one to give the 
maximum of Il’; coincides 
fairly with the one to give 
the maximum magnetic sus- 
ceptibilities Xm. Tir, which 
indicates the easiness of the 
90° wall displacement, contri- 
butes to increase X. 


1200 1600 7800 
J 


Fig. 3. The strain sensitivities and the magnetic 


susceptibilities, 
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4. Internal Stress as an Adherent Force 


In iron the crystal energy is so large that the magnetization is fixed on 


the easiest magnetizing direction along the [100] axis. There are six such 
equal axes in iron. So a mag- 


netic domain along one of the 
easiest directions should be able 
to turn to the other easiest 
directions freely without any 
use of energy. But, if the 
internal stress oj is distributed 
at random, the situation should 


sJ 


N 
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Frequency of Occurrence. 
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be changed and the 90° walls 0 400 800 /200 600 ; 2000 
should be in existence and fixed. a La 
The irreversible change of Fig. 4. The frequeny of occurence of the 


magnetization is caused from mechanical Barkhausen jump (Y. Shichi- 
= . x jo.2)) and the irreversible strain sensitivity 
the fact that the irreversible 90 for Hy=2 Oe. 


wall displacement occurs, when 

the stress predominates over the 

local adherent force there. Then from the behavior of 4Jiy we can estimate 
roughly the internal stress as an adherent force of domains. 

The 4 Ji, curve has the maximum value at 0.6 kg/mm7?. and is saturated 
with go=2.0 kg/mm?, which shows a fair agreement with the result of the 
mechanical Barkhausen effect obtained by Shichijo2) as shown in Fig. 4. We 
may suppose, therefore, the internal stress has a broad spectrum of the 
distribution function in a group of many magnetic domains below 2.0 kg/mm?. 
and the maximum adherent force should be 2.0 kg/mm”. and when a stress 
beyond this value is applied, most of the irreversible jumps should occur, so 
that the distribution of domains should be decided uniquely. Now assume 
the internal stress a; should vary from one place to another by ci=om cos 6, 
where om is the maximum internal stress, then we may say that the mean 
internal stress aj is uniformly distributed, where 


apie =. om—0.66 kg/mmz2, 


On the other hand, the reversible decrease 4/, is apparent from o~0.8 
kg/mm2,. This may be also explained, provided oj (~0.66 kg/mm.’) is uni- 
formly distributed. When the stress is applied over this value, the domain 
begins to rotate. Finally, we may conclude that the internal stress of an- 
nealed iron as an adherent force is about 660 g/mm?. 

It shows a fair coincidence with other estimations obtained by independent 
methods, for example, . 

by the extraordinary elongation» _ 500 g/mm2., 
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by the magnetostriction” 


680 g/mm2., 


by the initial magnetic susceptibility” 600 g/mm2., 
and by the mechanical Barkhausen effect? 650 g/mm?2, 


5. Iron-Nickel Alloys 


According to Bozorth and Williams,” the value of the strain sensitivity 
I’ was shown to depend on the more fundamental constants As (saturation 
magnetostriction) Js (saturation magnetization) and A (crystal anisotropy 


constant), that is 


—99_AsJs_ (_Jo er i 

pare de (hh) JE) 
and 

Take 07a 


where J’max is the maximum strain sensitivity. This dependence was derived 
from the very simple model of domain theory and was shown to be valid 
for 45 permalloy and for the iron-nickel series of alloys. 


4.0 % Fe-Ni 


2.00 400 600 800 1000 7200 

: Jo Gauss 

Fig. 5. The I vs. J. curve of 40 permalloy, 

which was field-cooled. The broken line 

is the calculated curve from Bozorth’s 
formula. 


The theory was tested 
for the nickel-iron alloys 
again. Here the results will 
be touched upon briefly. 
Such measurements as de- 
scribed for iron were carried 
out for Fe-Ni alloys. Fig. 5 


is the curve obtained by 


plotting vs. Jo. We can see 
tendencies of the curves of 
the quenched sample quite 
differ from those of the field- 
cooled one. There is a simi- 
larity in Fig. 5 only between 
the IJ’caie calculated from 
Bozorth’s formula. and J’ 
observed for the field-cooled 
one and not for quenched 
one. This may be explained 


by a difference between the 90° wall displacements in both samples, because 
the field-cooling treatment diminishes the 90° walls and, moreover, the theory 
does not consider the wall displacement, but only the rotation. 
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Values of Iya: of Fe- 
Ni alloys are plotted in Fig. 
6 for the field-cooled one. 
Comparing them with calcu- 
lated values, a good simi- 
larity is testified. Then we 
may say the simple domain 
theory is appropriate for 
field-cooled permalloys 
in other words, ones with 
few 90° walls. 


or, 
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Fig. 6. Tmax of various Fe-Ni alloys. 
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The line 


is the calculated curve from Bozorth’s formula. 
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